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My research lies in the field of mathematical physics and in particular quantum dynamics. On
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linear models, like the Hartree equation.
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RESEARCH

I. SPECTRAL THEORY

In this part of my research I have focused on spectral properties for the Schrédinger operator,
which models the dynamics of a quantum particle. In quantum dynamics, the state of a system
is described via a probability distribution which is solution to the Schrodinger equation

i0pp = Pip,

where we denote by P the Schrodinger operator. This operator describes the energies acting
on the system, that is the kinetic and potential energy. In the simplest case, we have P = —A
when we look at a particle on R™ with only kinetic energy.

In my work I have been interested in the Schrédinger operator with several types of perturba-
tions. On one hand I have considered perturbations by metrics, meaning that we look at the
problem not on R™ (a flat space), but on manifolds with curved geometries. On the other hand
I have also considered different types of potential perturbations, the electric and the magnetic
potential.

The type of manifold under consideration is

KU(R,00) x S



where K is compact region and the unbounded part of the manifold has a product structure
(R,00) x S, with R > 0 and S an n — 1 dimensional closed manifold. This model includes the
basic example of a compact perturbation of R", taking for example K C B(0, R) the compact
perturbation and (R, 00) x S = (R,00) x $"~! the plane R" outside of the ball. In my thesis
I have considered the cases where (R, 00) x S is the perturbation of a cone or of a hyperbolic
space? end? .

We consider P a selfadjoint operator, then its resolvent (P — z)~! is well defined in C\ R. The
object in my thesis was to study the behaviour of this resolvent when z approaches the real axis
and hence the resolvent becomes singular.

For the low frequency regime I have studied the case where P includes the kinetic energy and
an electric potential, so P is a Laplace-Beltrami operator on the manifold with a multiplicative
potential. In [] I have proved that the limits of the resolvents when z — RT, as well as its
powers, are bounded operator in suitable weighted spaces. This in turn is applied to derive
dynamical properties for the solutions of the Schréodinger equation. Thanks to the relation

e—0
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I have proved decay in time for the L? norm of the propagator e®* when localised at low
frequencies providing an optimal rate of decay, as well as results for the propagators of the wave
and Klein-Gordon equations. These results of local energy decay place themselves in the family
of dispersive estimates.

For the high frequency regime I have studied a system where the particle is subject to the kinetic
energy, an electric potential energy and a magnetic field. This translates to the fact that P is
a Laplace-Beltrami operator with a potential of order zero and a magnetic potential. In this
case I have again proved existence for the limits of the resolvent of P, with the addition of a
perturbation of order one due to the magnetic potential and improving on the usual topology
considered in the literature. HOW TO CITE??

Regarding the frequency zero, the bottom of the essential spectrum, I have have been interested
in resonances. This time, looking at the problem on R", I have studied the property of zero
resonant states, that are solutions to Pu = 0 which do not belong to L2. In [] I have considered
the operator P as the Laplacian and a multiplicative potential on which we only require inte-
grability assumptions. I have given necessary and sufficient conditions to have an eigenvalue in
zero and described the behaviour at infinity of the zero resonant states or eigenstates.

Recently, I have been interested in eigenvalue bounds for the Laplacian with a potential on R".
In particular, on proving bounds for the number of negative eigenvalues of fractional powers
and higher order powers of the Laplacian. This includes the critical case of the Laplacian on R2.
These inequalities are a generalisation on the Cwikel-Lieb-Rosenblum bound which covers the
case of the Laplacian with a potential in dimension greater or equal than three. This result is
the topic of a work in preparation in collaboration with Sébastien Bréteaux and Jérémy Faupin.

maybe divide as hamiltonians on R™ and on a manifold?

II. MANY-BODY DYNAMICS




As part of my postdoc, I am currently interested in the study of quantum systems of N particles.
In this case the

I. NEUROSCIENCE

The aim of my research on that topic is to understand the links between the different scales
describing biological neural networks. I have focused on a McKean-Vlasov model for a noisy
and spatially non-homogeneous FitzHugh-Nagumo (FHN) neural network. The model dictates
the evolution of the distribution u(t,x, v, w) of neurons at time ¢, position & € K (K compact
set of R?), with membrane potential v € R and adaptation variable w € R; it reads

Ot + 05 (N(v) —w — Kalpo u]) ) + 9w (A(v,w) p) — n = 0,

with po(x) standing for the spatial distribution of neurons and where the non-linear term
Ka[po ] 1 is induced by non-local electrostatic interactions: we suppose that neurons interact
through Ohm'’s law and that the conductance between two neurons is given by an interaction
kernel ® : K2 — R which depends on their position

Kapo p](t, z,v) = / O(x,x') (v — ") po(x)u(t, 2,0, w')dz dv' dw' .
KxR?

Moreover, the terms N and A are associated to the individual behavior of each neuron, given

in our context by the model built by R. FitzHugh and J. Nagumo. I specifically focused on the

case where two types of interactions are considered: we decompose the interaction kernel ® as

follows

O(x,x') = U(x,2') + %(50(:(:—1:’),

where the Dirac mass §y accounts for short-range interactions whereas the interaction kernel ¥
models long-range interactions. We analyzed the regime of short-range interactions correspond-
ing to the limit ¢ < 1. We proved that the voltage distribution concentrates into a Dirac mass
with Gaussian profile, that is

w(t, @, v,w)
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where (V, i) solves the classical FHN reaction-diffusion model
Y = NV) =W = L[ V],
Opfi + O (AV, w) i) = 0,

where £, [V] is the non local operator induced by Ohmic interactions and with

W = /wu(t,w,w) dw.
R

My first contribution on that topic is [4]. It justifies the latter convergence by providing a weak
convergence result in probability spaces with explicit and (formally) optimal convergence rates.
Then, I completed the latter result by proving quantitative strong convergence estimates in L?
and L? spaces [2]. Furthermore, I also followed a different approach, inspired from the analysis
of Hamilton-Jacobi equations, allowing to recover similar results but this time in L*°-topology

[3].



II. KINETIC THEORY

The aim of my research on that topic is to understand the dynamics of a plasma whose charged
particles interact through collisions and electrostatic effects. At the mesoscopic level, it may
be described by a kinetic equation known as the Vlasov-Poisson-Fokker-Planck model which
prescribes the evolution of the density distribution f¢(¢, x,v) depending on time ¢t € R™, position
x € K¢ with K € {T,R} and velocity v € R?, of electrons in a plasma composed with a single
species of ionic positive charges forming a fixed background, whose distribution is given by p;(x)

1 1 1
Hf*+ —v-Vaf + —E Vo f = 5V [vf + Vo f],
€ € To€
(0.1)
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where the self-consistent electric field E® is induced by Coulomb interactions between charges.
An overview of the possible dynamics is proposed in the following diagram

o) —L7F0 (@) M(v)

e—=0 t — 400

pro (1, ) M(v)

where the Maxwellian equilibrium M is given by

M(v) = (2m)2 exp (—'2'2) ,

and where p solves the following macroscopic model

Otpry + Va [Epry] — Agpry =0,
(0.2)

—Aw¢:pro_pia E:_vw¢v
whereas poo is the stationary state of (0.2). My first contribution on that topic is [5]. In
this work, we proposed a numerical approximation f of the solution f¢ to (0.1) and proved
quantitative estimates ensuring that both the asymptotic € —+ 0 and ¢ — 400 are preserved

simultaneously by our approximation f in the case where the electric field E¢ is replaced by an
applied external force field F

Theorem 0.1. In the linear case where EF is a given external force field E in (0.1), there
exists some k > 0 such that for all nAt > 0 and € > 0, such that the approximation f and its
marginal p = [ f dv verify

1f = Ml (1A S (lp = prll (0) + &) (L4 £AH T 4+ (1+72A8/2) 7,
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Figure 1: Time evolution of errors in log scale with 79 = 5 and E(x) = 0.1 % 27 cos (2w z) + 0.9 x 47 cos (4w x), when (a) :
e=1land (b) : e = 1074

where pr, is the approzimation of the macroscopic model (0.2).

Our efforts to prove such quantitative and uniform result was awarded since it could be illus-
trated in numerical experiments in which we captured, time boundary layer (Figure 1, (b)),
transition phase between hydrodynamic regime and large time behavior (Figure 1, (b)) and also
witnessed unexpected phenomena such as oscillatory behaviors (Figure 1, (a)).

Coming back to the full non-linear model (0.1), I proved in [1] a strong convergence result in
some weighted L2-space for the solution to (0.1) as ¢ — 0 with explicit and (formally) optimal
convergence rate. The result holds in any dimension d, it is non-perturbative and global in time
in the limit ¢ — 0.
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